
Modeling of Data
Physics 113 – 02/25/21



General Problem setup
• Given a set of observations, want to summarize data by fitting a model
• Model depends on a set of adjustable parameters
• Models can come from underlying theory to explain the observations or 

they can be simply used to interpolate or extrapolate the observations.
<latexit sha1_base64="p12MYgWNumcv9wutClOXrOSi3ac=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBhZRERLsRCm5cSQX7gCaGyXTSDp1MwsxELCEbN/6KGxeKuPUf3Pk3TtostPXAhcM593LvPX7MqFSW9W2UFhaXllfKq5W19Y3NLXN7py2jRGDSwhGLRNdHkjDKSUtRxUg3FgSFPiMdf3SZ+517IiSN+K0ax8QN0YDTgGKktOSZ+0469uixEyI19IP0waOZk91deym9sDPPrFo1awI4T+yCVEGBpmd+Of0IJyHhCjMkZc+2YuWmSCiKGckqTiJJjPAIDUhPU45CIt108kUGD7XSh0EkdHEFJ+rviRSFUo5DX3fm18pZLxf/83qJCupuSnmcKMLxdFGQMKgimEcC+1QQrNhYE4QF1bdCPEQCYaWDq+gQ7NmX50n7pGaf1ayb02qjXsRRBnvgABwBG5yDBrgCTdACGDyCZ/AK3own48V4Nz6mrSWjmNkFf2B8/gDOL5i7</latexit>

{yi,xi}Ni=1

<latexit sha1_base64="aneE5vgdjdl5WPV8Y2IG2N1FrKI=">AAACG3icbVDLSgMxFM3UV62vqks3wSJUKGWmiHYjFNy4rGAf0BlKJs20oZkHyR1xGPsfbvwVNy4UcSW48G9M21lo64HAyTn3kpzjRoIrMM1vI7eyura+kd8sbG3v7O4V9w/aKowlZS0ailB2XaKY4AFrAQfBupFkxHcF67jjq6nfuWNS8TC4hSRijk+GAfc4JaClfrGW4EvslW2fwMj10vvJgw0jBqRvVTJSq9ijQQgqu45P+8WSWTVnwMvEykgJZWj2i5/2IKSxzwKggijVs8wInJRI4FSwScGOFYsIHZMh62kaEJ8pJ51lm+ATrQywF0p9AsAz9fdGSnylEt/Vk9MMatGbiv95vRi8upPyIIqBBXT+kBcLDCGeFoUHXDIKItGEUMn1XzEdEUko6DoLugRrMfIyadeq1nnVvDkrNepZHXl0hI5RGVnoAjXQNWqiFqLoET2jV/RmPBkvxrvxMR/NGdnOIfoD4+sHieShGA==</latexit>

y = f(x|✓1, ✓2, . . . ✓k)

<latexit sha1_base64="zSBHH+o0XHmRcCDkXQAGMLaBNZw=">AAACCXicbZDLSsNAFIYn9VbrLerSzWARXJSSFNEuC25cVrCt0IQwmUyaoZMLMydCCd268VXcuFDErW/gzrdx2mahrT8MfPOfc5g5v58JrsCyvo3K2vrG5lZ1u7azu7d/YB4e9VWaS8p6NBWpvPeJYoInrAccBLvPJCOxL9jAH1/P6oMHJhVPkzuYZMyNySjhIacEtOWZ2IGIAfHsRgmthhMFKajyOvbMutW05sKrYJdQR6W6nvnlBCnNY5YAFUSpoW1l4BZEAqeCTWtOrlhG6JiM2FBjQmKm3GK+yRSfaSfAYSr1SQDP3d8TBYmVmsS+7owJRGq5NjP/qw1zCNtuwZMsB5bQxUNhLjCkeBYLDrhkFMREA6GS679iGhFJKOjwajoEe3nlVei3mvZl07q9qHfaZRxVdIJO0Tmy0RXqoBvURT1E0SN6Rq/ozXgyXox342PRWjHKmWP0R8bnDy/Vmf0=</latexit>

✓1, ✓2, . . . ✓k

<latexit sha1_base64="7YScMk3IW6eVMzQLQgE5U9WgCw4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVtXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AyZWM5Q==</latexit>

f

• Approach: Define ’Merit function’ that measures agreement between 
observations and model with particular set of parameters.

• The parameters of the model are adjusted to find an extremum (’best fit’) of the 
merit function -> Optimization!



Example (Simple)

• A 1 dimensional quadratic model

• A multidimensional quadratic model

<latexit sha1_base64="JkOdEukHXDsVisw3ACdJ0l8b+B4=">AAACB3icbVDLSgMxFM3UV62vUZeCBItQsZSZItqNUHDjsoJ9QDuWTJppQzOZIclIh7E7N/6KGxeKuPUX3Pk3pu0stPVAwsk593JzjxsyKpVlfRuZpeWV1bXsem5jc2t7x9zda8ggEpjUccAC0XKRJIxyUldUMdIKBUG+y0jTHV5N/OY9EZIG/FbFIXF81OfUoxgpLXXNwxheQq8wekBFt4hP9AON7srwFLojfeGumbdK1hRwkdgpyYMUta751ekFOPIJV5ghKdu2FSonQUJRzMg414kkCREeoj5pa8qRT6STTPcYw2Ot9KAXCH24glP1d0eCfClj39WVPlIDOe9NxP+8dqS8ipNQHkaKcDwb5EUMqgBOQoE9KghWLNYEYUH1XyEeIIGw0tHldAj2/MqLpFEu2ecl6+YsX62kcWTBATgCBWCDC1AF16AG6gCDR/AMXsGb8WS8GO/Gx6w0Y6Q9++APjM8fmVeV6g==</latexit>

y = f(x|a, b, c) = ax2 + bx+ c

<latexit sha1_base64="rbMp9AGa56L0iBgVDOdHXVnirpg=">AAACEXicbZBNS8MwGMdTX+d8q3r0EhzCxDHaIbqLMPDicYJ7ga2WNEu3sDQtSSordV/Bi1/FiwdFvHrz5rcx23rQzQdC/vz+z0Py/L2IUaks69tYWl5ZXVvPbeQ3t7Z3ds29/aYMY4FJA4csFG0PScIoJw1FFSPtSBAUeIy0vOHVxG/dEyFpyG9VEhEnQH1OfYqR0sg1iwm8hH5x5NqlkVt5QCWvhE80QprcVeAp9DTWF3bNglW2pgUXhZ2JAsiq7ppf3V6I44BwhRmSsmNbkXJSJBTFjIzz3ViSCOEh6pOOlhwFRDrpdKMxPNakB/1Q6MMVnNLfEykKpEwCT3cGSA3kvDeB/3mdWPlVJ6U8ihXhePaQHzOoQjiJB/aoIFixRAuEBdV/hXiABMJKh5jXIdjzKy+KZqVsn5etm7NCrZrFkQOH4AgUgQ0uQA1cgzpoAAwewTN4BW/Gk/FivBsfs9YlI5s5AH/K+PwB1vaZNA==</latexit>

y = f(x1, x2|a, b, c) = ax2
1 + bx2 + c



Example (Advanced)
• Fitting a gravitational lens magnification pattern to PKS 1413+135



<latexit sha1_base64="YdDUv8MACeIiq73yZWPSmddrJ78="></latexit>

y = f(t|t0, tE , q, s,↵, �,, ✓,�0,�E)

• Very different models, same fitting
paradigm.



Outline

• Goodness of fit and merit functions
• Least squares
• Linear models
• Errors
• Regularization
• Nonlinear models
• Markov Chain Monte Carlo



Likelihood Function
• Probability of your data given your model 

• Measured data always has some degree of 
uncertainty.
• Even if your model is perfectly specified, 

your likelihood will never be L = 1.

<latexit sha1_base64="N8660Ui7PqtLL3635ugxZd9xTKI=">AAACDnicbVC7SgNBFJ31GeNr1dJmMARiE3ZFNE0gYGMhEsE8ILsus5NJMmT2wcxdIaz5Aht/xcZCEVtrO//GSbKFJh64cDjnXu69x48FV2BZ38bS8srq2npuI7+5tb2za+7tN1WUSMoaNBKRbPtEMcFD1gAOgrVjyUjgC9byhxcTv3XPpOJReAujmLkB6Ye8xykBLXlm8arkwIABOcZVHJecdORxZ3x37aW8ao8fMs8zC1bZmgIvEjsjBZSh7plfTjeiScBCoIIo1bGtGNyUSOBUsHHeSRSLCR2SPutoGpKAKTedvjPGRa10cS+SukLAU/X3REoCpUaBrzsDAgM1703E/7xOAr2Km/IwToCFdLaolwgMEZ5kg7tcMgpipAmhkutbMR0QSSjoBPM6BHv+5UXSPCnbZ2Xr5rRQq2Rx5NAhOkIlZKNzVEOXqI4aiKJH9Ixe0ZvxZLwY78bHrHXJyGYO0B8Ynz99+Zse</latexit>

L(✓) = p({yi}Ni=1|✓)

<latexit sha1_base64="1gcOleOARcfj3OII0Nr87Llsoag=">AAACA3icbVDJSgNBEO2JW4xb1JteGoMQEcKMiOYiBLx4jGAWyAyhp1OTNOlZ6K4RQwx48Ve8eFDEqz/hzb+xsxw0+qDg8V4VVfX8RAqNtv1lZRYWl5ZXsqu5tfWNza389k5dx6niUOOxjFXTZxqkiKCGAiU0EwUs9CU0/P7l2G/cgtIijm5wkIAXsm4kAsEZGqmd3xvQCxoU7+5d7AGyI3pMXUi0kGOzYJfsCehf4sxIgcxQbec/3U7M0xAi5JJp3XLsBL0hUyi4hFHOTTUkjPdZF1qGRiwE7Q0nP4zooVE6NIiVqQjpRP05MWSh1oPQN50hw56e98bif14rxaDsDUWUpAgRny4KUkkxpuNAaEco4CgHhjCuhLmV8h5TjKOJLWdCcOZf/kvqJyXnrGRfnxYq5VkcWbJPDkiROOScVMgVqZIa4eSBPJEX8mo9Ws/Wm/U+bc1Ys5ld8gvWxzcPe5Z+</latexit>

y = f(x|✓) + ✏



Likelihood Function

• The likelihood function can be used as a merit function: the model 
parameters that best fit your data maximize the likelihood function.
• Its often easier minimize the log-likelihood function:

• The specific likelihood function used depends on the error 
distribution of your data.
• If the data points are independent and have Gaussian errors:

<latexit sha1_base64="MertWMZQBIT77LNOdctyoXJFTE4=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9WBJRLTHghcPHirYD2hC2Ww37dJNNuxOhBr6S7x4UMSrP8Wb/8Ztm4O2Phh4vDfDzLwgEVyD43xbhbX1jc2t4nZpZ3dvv2wfHLa1TBVlLSqFVN2AaCZ4zFrAQbBuohiJAsE6wfhm5ncemdJcxg8wSZgfkWHMQ04JGKlvl889IYf4rurBiAE569sVp+bMgVeJm5MKytHs21/eQNI0YjFQQbTuuU4CfkYUcCrYtOSlmiWEjsmQ9QyNScS0n80Pn+JTowxwKJWpGPBc/T2RkUjrSRSYzojASC97M/E/r5dCWPczHicpsJguFoWpwCDxLAU84IpREBNDCFXc3IrpiChCwWRVMiG4yy+vkvZFzb2qOfeXlUY9j6OIjtEJqiIXXaMGukVN1EIUpegZvaI368l6sd6tj0VrwcpnjtAfWJ8/WXeSNg==</latexit>

� logL(✓)

<latexit sha1_base64="xYKpvcVN63G2VbkZpfttdGPYytE="></latexit>

� logL(✓) /
NX

i=1

kyi � f(xi|✓)k2

�2
i

<latexit sha1_base64="1gcOleOARcfj3OII0Nr87Llsoag=">AAACA3icbVDJSgNBEO2JW4xb1JteGoMQEcKMiOYiBLx4jGAWyAyhp1OTNOlZ6K4RQwx48Ve8eFDEqz/hzb+xsxw0+qDg8V4VVfX8RAqNtv1lZRYWl5ZXsqu5tfWNza389k5dx6niUOOxjFXTZxqkiKCGAiU0EwUs9CU0/P7l2G/cgtIijm5wkIAXsm4kAsEZGqmd3xvQCxoU7+5d7AGyI3pMXUi0kGOzYJfsCehf4sxIgcxQbec/3U7M0xAi5JJp3XLsBL0hUyi4hFHOTTUkjPdZF1qGRiwE7Q0nP4zooVE6NIiVqQjpRP05MWSh1oPQN50hw56e98bif14rxaDsDUWUpAgRny4KUkkxpuNAaEco4CgHhjCuhLmV8h5TjKOJLWdCcOZf/kvqJyXnrGRfnxYq5VkcWbJPDkiROOScVMgVqZIa4eSBPJEX8mo9Ws/Wm/U+bc1Ys5ld8gvWxzcPe5Z+</latexit>

y = f(x|✓) + ✏



Chi-Squared

• Sum of squared residuals
• Follows a chi-squared distribution with (N-k) degrees of freedom
• A chi-squared distribution has mean (N-k) and variance 2(N-k)

• Reduced chi squared (mean 1, variance 2/(N-k) ):

<latexit sha1_base64="C73twndqgp2+CqweKJKiYy2z78A="></latexit>

�2
N�k ⇠

NX

i=1

kyi � f(xi|✓)k2

�2
i

<latexit sha1_base64="ARVNJD0m0wBXDMwzGd5ZOHcrI2I=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEN5akiHZZcONKKtgHNDFMppN26OTBzEQooW78FTcuFHHrX7jzb5ymWWjrgXs5nHMvM/f4CWdSWda3sbS8srq2Xtoob25t7+yae/ttGaeC0BaJeSy6PpaUs4i2FFOcdhNBcehz2vFHV1O/80CFZHF0p8YJdUM8iFjACFZa8sxDJxCYZA4Zsvual92cjSaTvHtmxapaOdAisQtSgQJNz/xy+jFJQxopwrGUPdtKlJthoRjhdFJ2UkkTTEZ4QHuaRjik0s3yCyboRCt9FMRCV6RQrv7eyHAo5Tj09WSI1VDOe1PxP6+XqqDuZixKUkUjMnsoSDlSMZrGgfpMUKL4WBNMBNN/RWSIdSRKh1bWIdjzJy+Sdq1qX1St2/NKo17EUYIjOIZTsOESGnANTWgBgUd4hld4M56MF+Pd+JiNLhnFzgH8gfH5A0qelsE=</latexit>

�2
N�k

N � k



Summary

• To find the model parameters that best fit the data, we minimize the 
negative log-likelihood.
• Maximum Likelihood estimation.
• For Gaussian distributed, independent data, this means minimizing 

the sum of squared residuals (‘Least squares’).

• Examples of non-gaussian situations: Counts in a detector (Poisson), 
resonance energy of rare particle (Cauchy).

<latexit sha1_base64="C73twndqgp2+CqweKJKiYy2z78A="></latexit>

�2
N�k ⇠

NX

i=1

kyi � f(xi|✓)k2

�2
i



Least squares with linear models

• Linear models are any models that are linear in the parameters to be 
estimated, e.g.

<latexit sha1_base64="uAwQaaEtekCVxB7trc9eOdZatQU="></latexit>

f(x|a, b) = ax+ b

f(x|a, b, c) = ax2 + bx+ c

f(x|a, b) = ax1 + bex2

<latexit sha1_base64="VfzeBi2Ht3TDhTtcno9DTzLInfs=">AAACHHicbZDLSsNAFIYn9VbjLerSzWARKpaatKLdCAU3LivYCzRpmUwn7dDJhZmJtMQ+iBtfxY0LRdy4EHwbkzQLrR4Y+Pm/czhzfjtgVEhd/1JyS8srq2v5dXVjc2t7R9vdawk/5Jg0sc983rGRIIx6pCmpZKQTcIJcm5G2Pb5KePuOcEF971ZOA2K5aOhRh2IkY6uvVZ3i5B6V7BI+hpcQwRNok140OcUzaJpqBlPUq0wS2quqfa2gl/W04F9hZKIAsmr0tQ9z4OPQJZ7EDAnRNfRAWhHikmJGZqoZChIgPEZD0o2lh1wirCg9bgaPYmcAHZ/Hz5MwdX9ORMgVYuracaeL5EgsssT8j3VD6dSsiHpBKImH54uckEHpwyQpOKCcYMmmsUCY0/ivEI8QR1jGeSYhGIsn/xWtStk4L+s3Z4V6LYsjDw7AISgCA1yAOrgGDdAEGDyAJ/ACXpVH5Vl5U97nrTklm9kHv0r5/AYv050H</latexit>

f(x|a, b, c) = a+ bex/c

f(x|a, b) = a2x+ b3

Linear Non-Linear



Least Squares with linear models

• Any linear model can be written in matrix form:

• If we have a set of observations, we can write a system of linear 
equations: 

<latexit sha1_base64="p0D8wC1y6t+Ku3WUdKcAnR/5Ydk=">AAACP3icbVC7SgNBFJ2NrxhfUUubwaBYhd0gmkYI2FhGMA/IxjA7ezcZMju7zMxKwpI/s/EX7GxtLBSxtXPyAE3ihTsczjmXufd4MWdK2/aLlVlZXVvfyG7mtrZ3dvfy+wd1FSWSQo1GPJJNjyjgTEBNM82hGUsgoceh4fWvx3rjAaRikbjTwxjaIekKFjBKtKE6+foQX2HXgy4TqRcSLdlghAf3JXyKB6Yd7ILwf5VFJ3Fd7GHz0HljJ1+wi/ak8DJwZqCAZlXt5J9dP6JJCEJTTpRqOXas2ymRmlEOo5ybKIgJ7ZMutAwUJATVTif3j/CJYXwcRNK00HjC/p1ISajUMPSM0+zXU4vamPxPayU6KLdTJuJEg6DTj4KEYx3hcZjYZxKo5kMDCJXM7Ippj0hCtYk8Z0JwFk9eBvVS0bko2rfnhUp5FkcWHaFjdIYcdIkq6AZVUQ1R9Ihe0Tv6sJ6sN+vT+ppaM9Zs5hDNlfX9A4Blrq8=</latexit>

y =
⇥
x2 x 1

⇤
2

4
a
b
c

3

5
<latexit sha1_base64="qMy8vYwxKS5b6tb+bHnEtko57hg=">AAAB+nicbVDLSgMxFL3js9bXVJdugkUQhDJTRLsRCm5cVrAPaMeSSdM2NJMZkox2GPspblwo4tYvceffmLaz0NYD93I4515yc/yIM6Ud59taWV1b39jMbeW3d3b39u3CQUOFsSS0TkIeypaPFeVM0LpmmtNWJCkOfE6b/uh66jcfqFQsFHc6iagX4IFgfUawNlLXLiToCuHxfRmdIX9sGunaRafkzICWiZuRImSode2vTi8kcUCFJhwr1XadSHsplpoRTif5TqxohMkID2jbUIEDqrx0dvoEnRilh/qhNCU0mqm/N1IcKJUEvpkMsB6qRW8q/ue1Y92veCkTUaypIPOH+jFHOkTTHFCPSUo0TwzBRDJzKyJDLDHRJq28CcFd/PIyaZRL7kXJuT0vVitZHDk4gmM4BRcuoQo3UIM6EHiEZ3iFN+vJerHerY/56IqV7RzCH1ifP9iEkcI=</latexit>

y = ax2 + bx+ c

<latexit sha1_base64="sky/pUP7SjGLq9ZMM1ow9Mvi6Tc=">AAAB/HicbVDLSsNAFL3xWesr2qWbYBFcSElEtBuh4MaVVLAPaGKYTCft0MkkzEzEEOKvuHGhiFs/xJ1/4/Sx0NYDFw7n3Mu99wQJo1LZ9rextLyyurZe2ihvbm3v7Jp7+20ZpwKTFo5ZLLoBkoRRTlqKKka6iSAoChjpBKOrsd95IELSmN+pLCFehAachhQjpSXfrLj5o09PMp+6xf2Nn9NLp/DNql2zJ7AWiTMjVZih6Ztfbj/GaUS4wgxJ2XPsRHk5EopiRoqym0qSIDxCA9LTlKOISC+fHF9YR1rpW2EsdHFlTdTfEzmKpMyiQHdGSA3lvDcW//N6qQrrXk55kirC8XRRmDJLxdY4CatPBcGKZZogLKi+1cJDJBBWOq+yDsGZf3mRtE9rznnNvj2rNuqzOEpwAIdwDA5cQAOuoQktwJDBM7zCm/FkvBjvxse0dcmYzVTgD4zPH3NWlJs=</latexit>

{xi, yi}Ni=1

<latexit sha1_base64="78P/kgtlDWp7ydnj0Kw3Nfjd4Bw="></latexit>2

6664

y1
y2
...
yN

3

7775
=

2

6664

x2
1 x1 1

x2
2 x2 1
...

...
...

x2
N xN 1

3

7775

2

4
a
b
c

3

5

<latexit sha1_base64="xOjOrGkpsH5ltqjva59eLmyzdkI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUtMeCF09SwX5gG8pmu2mXbjZhdyKU0H/hxYMiXv033vw3btsctPpg4PHeDDPzgkQKg6775RRWVtfWN4qbpa3tnd298v5By8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp757UeujYjVPU4S7kd0qEQoGEUrPdySHoqIG3LeL1fcqjsH+Uu8nFQgR6Nf/uwNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWK2jV+Nr94Sk6sMiBhrG0pJHP150RGI2MmUWA7I4ojs+zNxP+8bophzc+ESlLkii0WhakkGJPZ+2QgNGcoJ5ZQpoW9lbAR1ZShDalkQ/CWX/5LWmdV77Lq3l1U6rU8jiIcwTGcggdXUIcbaEATGCh4ghd4dYzz7Lw574vWgpPPHMIvOB/fdg+QGA==</latexit>

N ⇥ 3
<latexit sha1_base64="rDbrKSVXDWMoG/4i36hPw3oSQrg=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF09SwX5gG8pmu2mXbjZhdyKU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWerwjPRQRN8Trlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6mido2fzS+ekjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2JY8zOhkhS5YotFYSoJxmT2PhkIzRnKiSWUaWFvJWxENWVoQyrZELzll1dJ66LqXVXd+8tKvZbHUYQTOIVz8OAa6nALDWgCAwXP8ApvjnFenHfnY9FacPKZY/gD5/MHcweQFg==</latexit>

N ⇥ 1
<latexit sha1_base64="Jn/ZZa0Xh+ax8cPS2CAdChzqT5Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUtMeCF48V7Ae2oWy2m3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilx0vSQxFxQ7x+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lipq1/jZ/OIpObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYY1PxMqSZErtlgUppJgTGbvk4HQnKGcWEKZFvZWwkZUU4Y2pJINwVt+eZW0LqreddW9v6rUa3kcRTiBUzgHD26gDnfQgCYwUPAMr/DmGOfFeXc+Fq0FJ585hj9wPn8ASSiP+w==</latexit>

3⇥ 1

<latexit sha1_base64="l+Ru0LcaH+Ar29KPbnZsxUZj1QE=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUREuxEKblxWsA9oQplMJ+3QyYOZGyGErNz4K25cKOLWb3Dn3zhpI2jrgYEz59zLvfd4seAKLOvLWFpeWV1br2xUN7e2d3bNvf2OihJJWZtGIpI9jygmeMjawEGwXiwZCTzBut7kuvC790wqHoV3kMbMDcgo5D6nBLQ0MI+cgMDY87M0x1e49/NzYMyA5AOzZtWtKfAisUtSQyVaA/PTGUY0CVgIVBCl+rYVg5sRCZwKlledRLGY0AkZsb6mIQmYcrPpGTk+0coQ+5HULwQ8VX93ZCRQKg08XVmsqea9QvzP6yfgN9yMh3ECLKSzQX4iMES4yAQPuWQURKoJoZLrXTEdE0ko6OSqOgR7/uRF0jmr2xd16/a81myUcVTQITpGp8hGl6iJblALtRFFD+gJvaBX49F4Nt6M91npklH2HKA/MD6+AW/EmRQ=</latexit>

y = X✓



• If N == 3, then there can be only one exact solution for (a,b,c).
• If N < 3, there are many (infinite) exact solutions for (a,b,c).
• If N > 3, the system is underdetermined. There are likely no exact 

solutions for (a,b,c) <latexit sha1_base64="78P/kgtlDWp7ydnj0Kw3Nfjd4Bw="></latexit>2
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Minimizing the Merit function

• For linear models, we can minimize the merit function analytically:

<latexit sha1_base64="XV4WUipZ5kgpVar3tSf6jgFEVw4="></latexit>

minimize
✓

ky �X✓k2 ⌘ minimize
a,b,c

NX

i=1

(yi � f(xi|a, b, c))2 ⌘ minimize
a,b,c

NX

i=1

(yi � (ax2
i + bxi + c))2

<latexit sha1_base64="s7kAgHBhHbpOspBV/ItnggN7BlQ="></latexit>

ky �X✓k2 = yTy � ✓TXTX✓ � 2yTX✓

<latexit sha1_base64="G82+djQJNxZy4ohKpbcg4FG0dWc="></latexit>

@

@✓
ky �X✓k2 = �2XTX✓ � 2XTy = 0

<latexit sha1_base64="vVrgkAbX10r//sOxAA+/8XbefLc=">AAACCnicbZC7SgNBFIZn4y3GW9TSZjQIsTDsimgaIWBjGSE3yG7C7GQ2GTJ7YeassCypbXwVGwtFbH0CO9/GSbKFJv4w8PGfc5hzfjcSXIFpfhu5ldW19Y38ZmFre2d3r7h/0FJhLClr0lCEsuMSxQQPWBM4CNaJJCO+K1jbHd9O6+0HJhUPgwYkEXN8Mgy4xykBbfWLxzaMGBB8g8udXqNz1kvPrYkm2ycwcr00mfSLJbNizoSXwcqghDLV+8UvexDS2GcBUEGU6lpmBE5KJHAq2KRgx4pFhI7JkHU1BsRnyklnp0zwqXYG2AulfgHgmft7IiW+Uonv6s7phmqxNjX/q3Vj8KpOyoMoBhbQ+UdeLDCEeJoLHnDJKIhEA6GS610xHRFJKOj0CjoEa/HkZWhdVKyrinl/WapVszjy6AidoDKy0DWqoTtUR01E0SN6Rq/ozXgyXox342PemjOymUP0R8bnD5X4mY8=</latexit>

✓ = (XTX)�1XTy



What about with data errors?

• Just add in the weight matrix:

<latexit sha1_base64="yQFOYRLsRAusnNP6Hsk3DpXU1uU=">AAACDHicbVDLSsNAFJ34rPVVdelmsAh1YUlEtBuh4MZlhb6gSctkOmmHTh7M3Agl5APc+CtuXCji1g9w5984abPQ1gMDh3POZe49biS4AtP8NlZW19Y3Ngtbxe2d3b390sFhW4WxpKxFQxHKrksUEzxgLeAgWDeSjPiuYB13cpv5nQcmFQ+DJkwj5vhkFHCPUwJaGpTKNowZEHyDK91+s9M96yfnVppR2ycwdr1kmuqUWTVnwMvEykkZ5WgMSl/2MKSxzwKggijVs8wInIRI4FSwtGjHikWETsiI9TQNiM+Uk8yOSfGpVobYC6V+AeCZ+nsiIb5SU9/VyWxDtehl4n9eLwav5iQ8iGJgAZ1/5MUCQ4izZvCQS0ZBTDUhVHK9K6ZjIgkF3V9Rl2AtnrxM2hdV66pq3l+W67W8jgI6Rieogix0jeroDjVQC1H0iJ7RK3oznowX4934mEdXjHzmCP2B8fkD/lGaUQ==</latexit>

✓ = (XTWX)�1XTWy

<latexit sha1_base64="/pibxdJayzlANYTjp+hoBy/FCF4="></latexit>

W =

2

664

1/�2
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Errors on our model parameter estimates

• Now we have our parameter estimates, what are the errors on   ?

• For linear models with gaussian errors we can get these analytically:

<latexit sha1_base64="nVXQ+YWW7I18XjXD28zRBuOan6U=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0RzTHgxWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+nfmtJ26s0OoBJwkPYzpUYiAYRSc1uzjiSHulsl/x5yCrJMhJGXLUe6Wvbl+zNOYKmaTWdgI/wTCjBgWTfFrsppYnlI3pkHccVTTmNszm107JuVP6ZKCNK4Vkrv6eyGhs7SSOXGdMcWSXvZn4n9dJcVANM6GSFLlii0WDVBLUZPY66QvDGcqJI5QZ4W4lbEQNZegCKroQguWXV0nzshJcV/z7q3KtmsdRgFM4gwsI4AZqcAd1aACDR3iGV3jztPfivXsfi9Y1L585gT/wPn8AopuPIw==</latexit>

✓

<latexit sha1_base64="Euz6oYxcK8mm9YGpuatRGrEzALI=">AAACEnicbZC7SgNBFIZnvRtvUUubwSAkhWFXRNMIARtLxdwgm4Szk0kyZGZ3mTkrhCXPYOOr2FgoYmtl59s4uRTefhj4+M85nDl/EEth0HU/nYXFpeWV1bX1zMbm1vZOdnevZqJEM15lkYx0IwDDpQh5FQVK3og1BxVIXg+Gl5N6/Y5rI6KwgqOYtxT0Q9ETDNBanWwh9bWiNdDjvI8DjlCgF9S/FX0FFvKNdqXeKLTTY2/cyebcojsV/QveHHJkrutO9sPvRixRPEQmwZim58bYSkGjYJKPM35ieAxsCH3etBiC4qaVTk8a0yPrdGkv0vaFSKfu94kUlDEjFdhOBTgwv2sT879aM8FeqZWKME6Qh2y2qJdIihGd5EO7QnOGcmQBmBb2r5QNQANDm2LGhuD9Pvkv1E6K3lnRvTnNlUvzONbIATkkeeKRc1ImV+SaVAkj9+SRPJMX58F5cl6dt1nrgjOf2Sc/5Lx/AaZom4Q=</latexit>

Var(✓) = ⌃ = (XTWX)�1



Linearization: the power of linear models

• Always guaranteed you have best solution
• All the information you want derived analytically (estimates, errors on 

estimates)
• For non-linear problems, you can always try to linearize:

• Many machine learning problems solved quite well with linear 
models.

<latexit sha1_base64="0uwW/m0QSbTo9N28vSlLgRQJVwQ=">AAACN3icbVBNS8NAFNz4WetX1aOXxSK0iCUR0R4LXjyJgq1CE8LLdtMu3WzC7kZaQv6VF/+GN714UMSr/8Bt7aGtDiwMM/PY9yZIOFPatl+shcWl5ZXVwlpxfWNza7u0s9tScSoJbZKYx/I+AEU5E7Spmeb0PpEUooDTu6B/MfLvHqhULBa3ephQL4KuYCEjoI3kl67CihuB7gVhNsir2IUkkfEAh5WBb1fxEXYFBBzwVMq38+rUzPGM4ZfKds0eA/8lzoSU0QTXfunZ7cQkjajQhINSbcdOtJeB1IxwmhfdVNEESB+6tG2ogIgqLxvfneNDo3RwGEvzhMZjdXoig0ipYRSY5GhJNe+NxP+8dqrDupcxkaSaCvL7UZhyrGM8KhF3mKRE86EhQCQzu2LSAwlEm6qLpgRn/uS/pHVSc85q9s1puVGf1FFA++gAVZCDzlEDXaJr1EQEPaJX9I4+rCfrzfq0vn6jC9ZkZg/NwPr+ATfSq40=</latexit>

f(x) ⇡ f(x0) +rf(x0)(x� x0)



Assessing goodness of fit

• Reduced Chi Squared
• Akaike Information criterion

• Bayesian Information Criterion

• Overfitting -> Useful in interpolation, bad for model fitting

<latexit sha1_base64="ARVNJD0m0wBXDMwzGd5ZOHcrI2I=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEN5akiHZZcONKKtgHNDFMppN26OTBzEQooW78FTcuFHHrX7jzb5ymWWjrgXs5nHMvM/f4CWdSWda3sbS8srq2Xtoob25t7+yae/ttGaeC0BaJeSy6PpaUs4i2FFOcdhNBcehz2vFHV1O/80CFZHF0p8YJdUM8iFjACFZa8sxDJxCYZA4Zsvual92cjSaTvHtmxapaOdAisQtSgQJNz/xy+jFJQxopwrGUPdtKlJthoRjhdFJ2UkkTTEZ4QHuaRjik0s3yCyboRCt9FMRCV6RQrv7eyHAo5Tj09WSI1VDOe1PxP6+XqqDuZixKUkUjMnsoSDlSMZrGgfpMUKL4WBNMBNN/RWSIdSRKh1bWIdjzJy+Sdq1qX1St2/NKo17EUYIjOIZTsOESGnANTWgBgUd4hld4M56MF+Pd+JiNLhnFzgH8gfH5A0qelsE=</latexit>

�2
N�k

N � k



Techniques to prevent overfitting

• Use a simpler model
• Collect more (independent) data
• Regularization:

<latexit sha1_base64="XV4WUipZ5kgpVar3tSf6jgFEVw4="></latexit>

minimize
✓

ky �X✓k2 ⌘ minimize
a,b,c

NX

i=1

(yi � f(xi|a, b, c))2 ⌘ minimize
a,b,c

NX

i=1

(yi � (ax2
i + bxi + c))2

<latexit sha1_base64="XV4WUipZ5kgpVar3tSf6jgFEVw4="></latexit>

minimize
✓

ky �X✓k2 ⌘ minimize
a,b,c

NX

i=1

(yi � f(xi|a, b, c))2 ⌘ minimize
a,b,c

NX

i=1

(yi � (ax2
i + bxi + c))2

<latexit sha1_base64="pQGr5Y0Jp3SKqN0wqSs63PGYkpY=">AAAB+nicbVBNS8NAEN34WetXqkcvi0UQhJIU0R4LXjxWsB/QxLLZbtqlu0nYnSgl7U/x4kERr/4Sb/4bt20O2vpg4PHeDDPzgkRwDY7zba2tb2xubRd2irt7+weHdumopeNUUdaksYhVJyCaCR6xJnAQrJMoRmQgWDsY3cz89iNTmsfRPYwT5ksyiHjIKQEj9ezSBfZk6k08GDIg3uSh2rPLTsWZA68SNydllKPRs7+8fkxTySKggmjddZ0E/Iwo4FSwadFLNUsIHZEB6xoaEcm0n81Pn+Izo/RxGCtTEeC5+nsiI1LrsQxMpyQw1MveTPzP66YQ1vyMR0kKLKKLRWEqMMR4lgPuc8UoiLEhhCpubsV0SBShYNIqmhDc5ZdXSataca8qzt1luV7L4yigE3SKzpGLrlEd3aIGaiKKntAzekVv1sR6sd6tj0XrmpXPHKM/sD5/AJftk4s=</latexit>

+µk✓k2

<latexit sha1_base64="8bp3tPF6W1//Ikou4m/DxP2lfm4=">AAACEnicbVDLSgNBEJyNrxhfUY9eBoOQIIZdEc1FSPCitwh5QTYJs5PZZMjsg5leISz5Bi/+ihcPinj15M2/cTbJQRMLGoqqbrq7nFBwBab5baRWVtfWN9Kbma3tnd297P5BQwWRpKxOAxHIlkMUE9xndeAgWCuUjHiOYE1ndJP4zQcmFQ/8GoxD1vHIwOcupwS01MsWbBgyIPga5yvdWgWfYtuL8F2hG59ZE63YHoGh48bjSS+bM4vmFHiZWHOSQ3NUe9kvux/QyGM+UEGUaltmCJ2YSOBUsEnGjhQLCR2RAWtr6hOPqU48fWmCT7TSx24gdfmAp+rviZh4So09R3cmF6pFLxH/89oRuKVOzP0wAubT2SI3EhgCnOSD+1wyCmKsCaGS61sxHRJJKOgUMzoEa/HlZdI4L1qXRfP+IlcuzeNIoyN0jPLIQleojG5RFdURRY/oGb2iN+PJeDHejY9Za8qYzxyiPzA+fwDGZpus</latexit>

✓ = (ATA+ µI)�1ATy



Non-linear Models

• What if your model is non-linear (or the errors are non-Gaussian)?
• Now there is no analytic solution to the minimization problem:

• Can use minimization methods from the previous lecture!
• Gradient Descent, Newton’s method etc.
• There may be many local minima, difficult to guarantee that you have 

found the best solution.
• No analytic way to get errors on your parameter estimates.

<latexit sha1_base64="vzM99BhP090Pdb3OZhshEwE7BA0="></latexit>

minimize
✓

ky � f(x|✓)k2



Markov Chain Monte Carlo

• Stochastic Optimization method
• No gradients or Hessians required

• Randomly samples theta space to 
(hopefully) give full posterior distribution 
for theta.
• Popular in Astrophysics 

<latexit sha1_base64="yhJ6UxrM706zKfteB4fNht+GGoE=">AAACJHicbVDLSgMxFM34rPVVdekmWIR2U2ZEtOCm4MZlBfuATimZNNOGZmZCckcs036MG3/FjQsfuHDjt5hpq2jrhcDhPMi9x5OCa7DtD2tpeWV1bT2zkd3c2t7Zze3t13UUK8pqNBKRanpEM8FDVgMOgjWlYiTwBGt4g8tUb9wypXkU3sBQsnZAeiH3OSVgqE7uQhZc6DMgIzcg0Pf85G5cxK5UkYQIG/GHHU19xe9AMdvJ5e2SPRm8CJwZyKPZVDu5V7cb0ThgIVBBtG45toR2QhRwKtg468aaSUIHpMdaBoYkYLqdTI4c42PDdLEfKfNCwBP2dyIhgdbDwDPOdGc9r6Xkf1orBr/cTngoY2AhnX7kxwKb+9PGcJcrRkEMDSBUcbMrpn2iCAXTa1qCM3/yIqiflJyzkn19mq+UZ3Vk0CE6QgXkoHNUQVeoimqIonv0iJ7Ri/VgPVlv1vvUumTNMgfoz1ifX4t+pUs=</latexit>

p(✓|x) / p(x|✓)p(✓)
Likelihood PriorPosterior



Useful to use log probabilities

• An uninformative prior is often used

• For model fitting with Gaussian errors:

<latexit sha1_base64="CNdifo79fqu0dh/oqvhchP1toD4=">AAACNnicbVBNSwMxFMz6WevXqkcvwSJYhLIroh4LXrwIFawK3VKyabYNZjcheSuWtb/Ki7/DWy8eFPHqTzDbVtHWgcAwM4+8N6ES3IDnDZyZ2bn5hcXCUnF5ZXVt3d3YvDIy1ZTVqRRS34TEMMETVgcOgt0ozUgcCnYd3p7m/vUd04bL5BJ6ijVj0kl4xCkBK7Xc80DIDlZ7AXQZkIcgJtANo+y+X8aB0lKBxN+JH+thFC7jffxnulxsuSWv4g2Bp4k/JiU0Rq3lPgdtSdOYJUAFMabhewqaGdHAqWD9YpAapgi9JR3WsDQhMTPNbHh2H+9apY0jqe1LAA/V3xMZiY3pxaFN5rubSS8X//MaKUQnzYwnKgWW0NFHUSqwLSPvELe5ZhREzxJCNbe7YtolmlCwTecl+JMnT5Org4p/VPEuDkvVk3EdBbSNdtAe8tExqqIzVEN1RNEjGqBX9OY8OS/Ou/Mxis4445kt9AfO5xdyQauk</latexit>

log p(✓|x) / log p(x|✓) + log p(✓)

<latexit sha1_base64="yhJ6UxrM706zKfteB4fNht+GGoE=">AAACJHicbVDLSgMxFM34rPVVdekmWIR2U2ZEtOCm4MZlBfuATimZNNOGZmZCckcs036MG3/FjQsfuHDjt5hpq2jrhcDhPMi9x5OCa7DtD2tpeWV1bT2zkd3c2t7Zze3t13UUK8pqNBKRanpEM8FDVgMOgjWlYiTwBGt4g8tUb9wypXkU3sBQsnZAeiH3OSVgqE7uQhZc6DMgIzcg0Pf85G5cxK5UkYQIG/GHHU19xe9AMdvJ5e2SPRm8CJwZyKPZVDu5V7cb0ThgIVBBtG45toR2QhRwKtg468aaSUIHpMdaBoYkYLqdTI4c42PDdLEfKfNCwBP2dyIhgdbDwDPOdGc9r6Xkf1orBr/cTngoY2AhnX7kxwKb+9PGcJcrRkEMDSBUcbMrpn2iCAXTa1qCM3/yIqiflJyzkn19mq+UZ3Vk0CE6QgXkoHNUQVeoimqIonv0iJ7Ri/VgPVlv1vvUumTNMgfoz1ifX4t+pUs=</latexit>

p(✓|x) / p(x|✓)p(✓)

<latexit sha1_base64="ijhW4BXMBXxCOqmLw431urlZyps=">AAACJnicbVBNSwMxFMz6WevXqkcvwSLUS9kV0V6EghePClaFbinZNNsGs5uQvBXLtr/Gi3/FiwdFxJs/xWy7ilYHAsPMPPLehEpwA5737szMzs0vLJaWyssrq2vr7sbmpZGppqxJpZD6OiSGCZ6wJnAQ7FppRuJQsKvw5iT3r26ZNlwmFzBQrB2TXsIjTglYqeMeB0L2sKoG0GdAhkFMoB9G2d1oDwdKSwUSfyW+reEkvIfLHbfi1bwx8F/iF6SCCpx13OegK2kaswSoIMa0fE9BOyMaOBVsVA5SwxShN6THWpYmJGamnY3PHOFdq3RxJLV9CeCx+nMiI7Exgzi0yXxXM+3l4n9eK4Wo3s54olJgCZ18FKUC2+PzznCXa0ZBDCwhVHO7K6Z9ogkF22xegj998l9yuV/zD2ve+UGlUS/qKKFttIOqyEdHqIFO0RlqIoru0SN6Ri/Og/PkvDpvk+iMU8xsoV9wPj4BlFmlyA==</latexit>

log p(✓|x) / log p(x|✓)

<latexit sha1_base64="um+3RBHw8N9UB97PJlb8+vKfgnc="></latexit>

log p(✓|x) / �ky � f(x|✓)k2



How can we sample from              ? 
• Metropolis-Hastings Algorithm 
• Use a Markov Chain model: Probability of selecting next point only 

depends on current and previous point.

1. Set Gaussian proposal distribution:

2. Starting at draw a candidate point from q,

3.   Accept point with probability 

Otherwise reject and 

4.   Repeat.

<latexit sha1_base64="TKVisC+sZxIWAD3E59NnqJe42nE=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIaJcFNy4r2Ae0oUymk3boZBJmbsQai7/ixoUibv0Pd/6NkzYLbT0wcDjnXu6Z48eCa3Ccb2tpeWV1bb2wUdzc2t7Ztff2mzpKFGUNGolItX2imeCSNYCDYO1YMRL6grX80VXmt+6Y0jyStzCOmReSgeQBpwSM1LMP43IXhgzIYzckMPSD9H5y2rNLTsWZAi8SNycllKPes7+6/YgmIZNABdG64zoxeClRwKlgk2I30SwmdEQGrGOoJCHTXjpNP8EnRunjIFLmScBT9fdGSkKtx6FvJrOIet7LxP+8TgJB1Uu5jBNgks4OBYnAEOGsCtznilEQY0MIVdxkxXRIFKFgCiuaEtz5Ly+S5lnFvag4N+elWjWvo4CO0DEqIxddohq6RnXUQBQ9oGf0it6sJ+vFerc+ZqNLVr5zgP7A+vwBs/OVWw==</latexit>

p(✓|x)

<latexit sha1_base64="hCVE9SlCSJlCWiKriMzK8hesqmg="></latexit>

↵(✓1, ✓2c) = min
�
1,

p(✓2c|x)
p(✓1|x)

�
= min

�
1,

p(x|✓2c)
p(x|✓1)

�

<latexit sha1_base64="afgzTz04P3f5tVC/C/9HLGeuIRs=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaLUDclKaJdFty4rGAv0IYwmU7boZNJnDkRaiy+ihsXirj1Pdz5Nk7bLLT1h4GP/5zDOfMHseAaHOfbyq2srq1v5DcLW9s7u3v2/kFTR4mirEEjEal2QDQTXLIGcBCsHStGwkCwVjC6mtZb90xpHslbGMfMC8lA8j6nBIzl20d3pS4MGRC/8piBe+bbRafszISXwc2giDLVffur24toEjIJVBCtO64Tg5cSBZwKNil0E81iQkdkwDoGJQmZ9tLZ9RN8apwe7kfKPAl45v6eSEmo9TgMTGdIYKgXa1Pzv1ongX7VS7mME2CSzhf1E4EhwtMocI8rRkGMDRCquLkV0yFRhIIJrGBCcBe/vAzNStm9KDs358VaNYsjj47RCSohF12iGrpGddRAFD2gZ/SK3qwn68V6tz7mrTkrmzlEf2R9/gCvRpSx</latexit>

q(✓2|✓1)

<latexit sha1_base64="IVLxhBfwEAmvoXoClCVm/R5z85c=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuCpJEe1GKLhxWcFeoA1hMp20QyeTMHMihFBfxY0LRdz6IO58G6dtFtr6w8DHf87hnPmDRHANjvNtlTY2t7Z3yruVvf2DwyP7+KSr41RR1qGxiFU/IJoJLlkHOAjWTxQjUSBYL5jezuu9R6Y0j+UDZAnzIjKWPOSUgLF8uzqECQPiN/ANLtD17ZpTdxbC6+AWUEOF2r79NRzFNI2YBCqI1gPXScDLiQJOBZtVhqlmCaFTMmYDg5JETHv54vgZPjfOCIexMk8CXri/J3ISaZ1FgemMCEz0am1u/lcbpBA2vZzLJAUm6XJRmAoMMZ4ngUdcMQoiM0Co4uZWTCdEEQomr4oJwV398jp0G3X3qu7cX9ZazSKOMjpFZ+gCuegatdAdaqMOoihDz+gVvVlP1ov1bn0sW0tWMVNFf2R9/gBaY5Pm</latexit>

✓2 = ✓1

<latexit sha1_base64="FWyYcp7bMp67z+0HB8k33j4ATBQ=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7bHgxWMF+wFNKJvtpl262YTdiVBC/4YXD4p49c9489+4bXPQ1gcDj/dmmJkXplIYdN1vZ2Nza3tnt7RX3j84PDqunJx2TJJpxtsskYnuhdRwKRRvo0DJe6nmNA4l74aTu7nffeLaiEQ94jTlQUxHSkSCUbSS7+OYIx3kdTYjg0rVrbkLkHXiFaQKBVqDypc/TFgWc4VMUmP6nptikFONgkk+K/uZ4SllEzrifUsVjbkJ8sXNM3JplSGJEm1LIVmovydyGhszjUPbGVMcm1VvLv7n9TOMGkEuVJohV2y5KMokwYTMAyBDoTlDObWEMi3srYSNqaYMbUxlG4K3+vI66dRr3k3NfbiuNhtFHCU4hwu4Ag9uoQn30II2MEjhGV7hzcmcF+fd+Vi2bjjFzBn8gfP5A68FkWs=</latexit>

✓2c
<latexit sha1_base64="b5b+omixf1j5ZCX5MQbx2deqC2I=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzTHgxWME84BkCbOTTjJk9uFMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNw0caoFNkSsYt0OuEElI2yQJIXtRCMPA4WtYHw781tPqI2MoweaJOiHfBjJgRScrNTu0giJ97xeqexW3DnYKvFyUoYc9V7pq9uPRRpiREJxYzqem5CfcU1SKJwWu6nBhIsxH2LH0oiHaPxsfu+UnVulzwaxthURm6u/JzIeGjMJA9sZchqZZW8m/ud1UhpU/UxGSUoYicWiQaoYxWz2POtLjYLUxBIutLS3MjHimguyERVtCN7yy6ukeVnxrivu/VW5Vs3jKMApnMEFeHADNbiDOjRAgIJneIU359F5cd6dj0XrmpPPnMAfOJ8/zAuPxw==</latexit>

✓1



In our case

• Uniform prior and 

• This means:

<latexit sha1_base64="um+3RBHw8N9UB97PJlb8+vKfgnc="></latexit>

log p(✓|x) / �ky � f(x|✓)k2

<latexit sha1_base64="YmlW8F1FmyjCd3J5g6HyQqEJECc="></latexit>

↵(✓1, ✓2c) = min
�
1,

e�ky�f(x|✓2c)k2

e�ky�f(x|✓1)k2

�
= min

�
1, eky�f(x|✓1)k2�ky�f(x|✓2c)k2�



How many steps before convergence?

• Open Question
• Usually have a burn in 

period
• Advisable to thin 

points to reduce 
correlation

<latexit sha1_base64="b5b+omixf1j5ZCX5MQbx2deqC2I=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzTHgxWME84BkCbOTTjJk9uFMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNw0caoFNkSsYt0OuEElI2yQJIXtRCMPA4WtYHw781tPqI2MoweaJOiHfBjJgRScrNTu0giJ97xeqexW3DnYKvFyUoYc9V7pq9uPRRpiREJxYzqem5CfcU1SKJwWu6nBhIsxH2LH0oiHaPxsfu+UnVulzwaxthURm6u/JzIeGjMJA9sZchqZZW8m/ud1UhpU/UxGSUoYicWiQaoYxWz2POtLjYLUxBIutLS3MjHimguyERVtCN7yy6ukeVnxrivu/VW5Vs3jKMApnMEFeHADNbiDOjRAgIJneIU359F5cd6dj0XrmpPPnMAfOJ8/zAuPxw==</latexit>

✓1

<latexit sha1_base64="3e0sUwlPgYr8PAA2gpJVkF+5GFU=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lUtMeCF48V7Ae0oWy2k3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzvz2E2gjYvWAkwT8iA2VCAVnaKVOD0eArH/ZL1fcqjsHXSVeTiokR6Nf/uoNYp5GoJBLZkzXcxP0M6ZRcAnTUi81kDA+ZkPoWqpYBMbP5vdO6ZlVBjSMtS2FdK7+nshYZMwkCmxnxHBklr2Z+J/XTTGs+ZlQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS966p7f1Wp1/I4iuSEnJJz4pEbUid3pEGahBNJnskreXMenRfn3flYtBacfOaY/IHz+QPPE4/J</latexit>

✓3

<latexit sha1_base64="PoNN9+VB7JwgZkrxTBA9AWOnGzg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKaI8FLx4r2A9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1gNOE+xEdKREKRtFK3T6OOdJBbVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni3hm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophnU/EypJkSu2XBSmkmBM5s+TodCcoZxaQpkW9lbCxlRThjaikg3BW315nbRrVe+66t5fVRr1PI4inME5XIIHN9CAO2hCCxhIeIZXeHMenRfn3flYthacfOYU/sD5/AHNj4/I</latexit>

✓2



Corner Plot

• Once finished, you will end up with 
the sampled posterior distribution.
• Can represent as a corner plot.



Example

• https://github.com/chi-feng/mcmc-demo#ref-2



Example 2D Ising model

<latexit sha1_base64="IIwr3h4MEmfeCxOJCIKEDeFdyYY="></latexit>

↵(✓1, ✓2c) = min
�
1,

e��H(✓2c)/Z

e��H(✓1)/Z

�

<latexit sha1_base64="SWuXFF2TWsLSi1Vh1usTg0G9cos="></latexit>

↵(✓1, ✓2c) = min
�
1, e��(H(✓2c)�H(✓1))

�



Hamiltonian MCMC

• Uses gradient information (so often not possible to use)
• Typically much more efficient than standard Metropolis-Hastings

<latexit sha1_base64="/tvigXl9eIdCk4WG1YF/TET/nnY="></latexit>

H(✓,p) = U(✓) +
1

2
pT

M
�1p

<latexit sha1_base64="Ha7L6ZlZMe/+3Wey8bgLj1qppKc=">AAACD3icbVA9SwNBEN2LXzF+RS1tFoOSFIY7EU0jBGwsI3hJIHeEvc1esmTvg905MZz5Bzb+FRsLRWxt7fw3bpIrNPHBwOO9GWbmebHgCkzz28gtLa+sruXXCxubW9s7xd29pooSSZlNIxHJtkcUEzxkNnAQrB1LRgJPsJY3vJr4rTsmFY/CWxjFzA1IP+Q+pwS01C0e22UHBgxIBV/iE0dEfRxnyoMTEBh4fno/rnSLJbNqToEXiZWREsrQ6Ba/nF5Ek4CFQAVRqmOZMbgpkcCpYOOCkygWEzokfdbRNCQBU246/WeMj7TSw34kdYWAp+rviZQESo0CT3dOTlTz3kT8z+sk4NfclIdxAiyks0V+IjBEeBIO7nHJKIiRJoRKrm/FdEAkoaAjLOgQrPmXF0nztGqdV82bs1K9lsWRRwfoEJWRhS5QHV2jBrIRRY/oGb2iN+PJeDHejY9Za87IZvbRHxifP0ccm48=</latexit>

U(✓) = � log p(✓|x)


