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What is it?
• Finding the extremal value of a function.
• Finding the ’best’ (optimal) value for a set of design 

parameters.  



Why is it useful?
Ubiquitous in the physical sciences:
• Model Fitting
• Experiment Design
• Minimum energy states (Euler-Lagrange)

• Machine Learning!
• Engineering, finance, economics….



Some concrete examples

• Classical Mechanics -- Shape of chain of hanging masses:
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Biophysics

• Biophysics -- Ground state equilibrium geometry for molecules and 
proteins. (AMBER)



Ising model

• Best approached with stochastic optimization 
methods like MCMC

• Ferromagnets, spin glasses, neuroscience



Model fitting

• Dataset and any model f.
• Minimize sum of model residuals:

• Only analytical solution for linear models.
• Neural Networks famously non-linear.
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Partial Differential Equations

• Relaxation methods for boundary value problems (Gravity, 
electrodynamics, fluid dynamics)
• Solving systems of linear equations



Outline

• Conditions for optimality
• Derivatives and Numerical differentiation
• 1D Optimization and root finding
• Multi-dimensional Optimization
• First order (gradient) Based methods
• Second order methods
• Next lecture: Applications to model fitting, MCMC



Conditions for Optimality

(SONC)
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Important Aside: Derivatives

∇𝑓 𝑥$, 𝑥& = 2𝑥$, 2𝑥& ∇𝑓 −1, 0 = −2, 0
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f(x) ⇡ f(x0) +rf(x0)
T (x� x0)
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R2

First Order Approximation.

Gradient

Hessian

<latexit sha1_base64="MsE7lxydLJENLJpjXDfFoj+P71M=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Wpm5KIaDdCwY3LCn1BE8tkMmmHTiZhZiKW0D9w46+4caGIW7fu/BsnbUBtPTBw5px7ufceL2ZUKsv6MgpLyyura8X10sbm1vaOubvXllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43usr8zh0Rkka8qcYxcUM04DSgGCkt9c1jP4CX0OHIYwgGFSdEaugF6f3k5Lbp//z6ZtmqWlPARWLnpAxyNPrmp+NHOAkJV5ghKXu2FSs3RUJRzMik5CSSxAiP0ID0NOUoJNJNp/dM4JFWfBhEQj+u4FT93ZGiUMpx6OnKbEM572Xif14vUUHNTSmPE0U4ng0KEgZVBLNwoE8FwYqNNUFYUL0rxEMkEFY6wpIOwZ4/eZG0T6v2edW6OSvXa3kcRXAADkEF2OAC1ME1aIAWwOABPIEX8Go8Gs/Gm/E+Ky0Yec8++APj4xs965ws</latexit>

df = rf(x)T dx

Directional Derivative



Numerical Differentiation
• When the gradient isn’t available directly, we can often approximate it quite well using function evaluations.

<latexit sha1_base64="SMmGzg3VFP1ehkopb1OkGZ1/INc=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lEtMeCF29WsB/QhrLZbpqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz321lb39jc2i7tlHf39g8OK0fHHR2nitA2iXmsegHWlDNJ24YZTnuJolgEnHaDyW3ud5+o0iyWj2aaUF/gsWQhI9jk0n0tuhhWqm7dnQOtEq8gVSjQGla+BqOYpIJKQzjWuu+5ifEzrAwjnM7Kg1TTBJMJHtO+pRILqv1sfusMnVtlhMJY2ZIGzdXfExkWWk9FYDsFNpFe9nLxP6+fmrDhZ0wmqaGSLBaFKUcmRvnjaMQUJYZPLcFEMXsrIhFWmBgbT9mG4C2/vEo6l3Xvuu4+XFWbjSKOEpzCGdTAgxtowh20oA0EIniGV3hzhPPivDsfi9Y1p5g5gT9wPn8AL5KNpQ==</latexit>
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O(h)
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For multivariate functions:

Complex Step method
<latexit sha1_base64="O0jG6uEeMTBDg0jI5pb2MNkk42k=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuEe2x4MWbFewHtGvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305ubX1jcyu/XdjZ3ds/KB4etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaD8fXMbz9RpZkU92YSUz/CQ8FCRrCxUuu2PHqonveLJbfizoFWiZeREmRo9ItfvYEkSUSFIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUoEjqv10fu0UnVllgEKpbAmD5urviRRHWk+iwHZG2Iz0sjcT//O6iQlrfspEnBgqyGJRmHBkJJq9jgZMUWL4xBJMFLO3IjLCChNjAyrYELzll1dJq1rxLivu3UWpXsviyMMJnEIZPLiCOtxAA5pA4BGe4RXeHOm8OO/Ox6I152Qzx/AHzucPVmOOSQ==</latexit>
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Connection: Optimization and Root finding

<latexit sha1_base64="p0Td92hdQuOSXiYHVz0BZXE10hI=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSLUTUlEtBuh4MZlBfuANpTJdNIOnUzCzEQtsZ/ixoUibv0Sd/6NkzYLbT0wcDjnXu6Z48ecKe0439bK6tr6xmZhq7i9s7u3b5cOWipKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2x9eZ376nUrFI3OlJTL0QDwULGMHaSH27FFR6IdYjP0gfp6foCjl9u+xUnRnQMnFzUoYcjb791RtEJAmp0IRjpbquE2svxVIzwum02EsUjTEZ4yHtGipwSJWXzqJP0YlRBiiIpHlCo5n6eyPFoVKT0DeTWUy16GXif1430UHNS5mIE00FmR8KEo50hLIe0IBJSjSfGIKJZCYrIiMsMdGmraIpwV388jJpnVXdi6pze16u1/I6CnAEx1ABFy6hDjfQgCYQeIBneIU368l6sd6tj/noipXvHMIfWJ8/sgyS8g==</latexit>

f(x) = 0
<latexit sha1_base64="vg8xUfUz7+2P66auqEew/EShiGY=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLWTUlEtBuh4MZlBfuAtpTJdNIOnUzCzERaQn7FjQtF3Poj7vwbJ20W2npg4HDOvdwzx4s4U9pxvq219Y3Nre3CTnF3b//g0D4qtVQYS0KbJOSh7HhYUc4EbWqmOe1EkuLA47TtTe4yv/1EpWKheNSziPYDPBLMZwRrIw3skn9e6QVYjz0/maYX6BY5A7vsVJ050Cpxc1KGHI2B/dUbhiQOqNCEY6W6rhPpfoKlZoTTtNiLFY0wmeAR7RoqcEBVP5lnT9GZUYbID6V5QqO5+nsjwYFSs8Azk1lMtexl4n9eN9Z+rZ8wEcWaCrI45Mcc6RBlRaAhk5RoPjMEE8lMVkTGWGKiTV1FU4K7/OVV0rqsutdV5+GqXK/ldRTgBE6hAi7cQB3uoQFNIDCFZ3iFNyu1Xqx362MxumblO8fwB9bnDxUwkyM=</latexit>

f 0(x) = 0

|| ||&

OptimizationRoot Finding



Single Variable (1D) Optimization

• Scalar function of scalar variable.

• Minimizing non-analytic functions
• Solving transcendental equations
• Sub-problem for multivariate optimization

<latexit sha1_base64="NwMhP/mEnWWd5i/WglmeMjI4Ra8=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgJWFXRHMRAl48RjAPSDZhdtJJhsw+mJnVhCX/4cWDIl79F2/+jZNkD5pY0FBUddPd5UWCK23b31ZmbX1jcyu7ndvZ3ds/yB8e1VUYS4Y1FopQNj2qUPAAa5prgc1IIvU9gQ1vdDvzG48oFQ+DBz2J0PXpIOB9zqg2Ugc7SXE8JUUyJjfE7uYLdsmeg6wSJyUFSFHt5r/avZDFPgaaCapUy7Ej7SZUas4ETnPtWGFE2YgOsGVoQH1UbjK/ekrOjNIj/VCaCjSZq78nEuorNfE90+lTPVTL3kz8z2vFul92Ex5EscaALRb1Y0F0SGYRkB6XyLSYGEKZ5OZWwoZUUqZNUDkTgrP88iqpX5Scq5J9f1molNM4snACp3AODlxDBe6gCjVgIOEZXuHNerJerHfrY9GasdKZY/gD6/MHKImQ8w==</latexit>

e�x � x = 0



Bracketing

• Bracketing is the process of identifying an interval in which a local 
minimum lies and then successively shrinking the interval. 



Method 1: Quadratic Fit Search



Method 2: Bisection Method
• Works for both root finding and optimization.

1. Identify interval [a,b] that contains minimum. 
(i.e. identify interval with f’(a) < 0 and f’(b) > 0 ).

2. Take midpoint (a+b)/2.
3. Identify new interval that contains minimum, 

e.g. [(a+b)/2, b].
4. Repeat until convergence.



Method 3: Newton’s Method
• Works for both root finding and optimization.



Multivariate Optimization: Local Descent

• Scalar function of a vector variable
• In multivariate problems, we incrementally improve our design point 

x by taking a step that minimizes an approximation of f(x) based on 
local information. 



Iterative descent procedure



Checking for convergence/stopping

• Terminate after fixed number of steps.
• If function change small, then terminate.
• If norm of the gradient  small, terminate.



Which direction to take?

• Negative gradient -> Direction of maximum decrease of your function.

Negative Gradient not always the best direction:

Some alternatives:
• Conjugate gradient
• Noisy gradient
• Gradient with Momentum



How big a Step?

• Decaying step size
• Line Search



Line Search

• Generally expensive to solve fully -> Use approximate 
Line search.

<latexit sha1_base64="hGP/EF1nJV41U8oRnn7NmCu5i8Q=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIHqQkItpjwYvHCrYWmlA222m7dLMJuxuhlv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0oF18bzvp3C2vrG5lZxu7Szu7dfdg8OWzrJFMMmS0Si2hHVKLjEpuFGYDtVSONI4EM0upn5D4+oNE/kvRmnGMZ0IHmfM2qs1HXLQYSGkoBL0vHO/bDrVryqNwdZJX5OKpCj0XW/gl7CshilYYJq3fG91IQTqgxnAqelINOYUjaiA+xYKmmMOpzMD5+SU6v0SD9RtqQhc/X3xITGWo/jyHbG1Az1sjcT//M6menXwgmXaWZQssWifiaIScgsBdLjCpkRY0soU9zeStiQKsqMzapkQ/CXX14lrYuqf1X17i4r9VoeRxGO4QTOwIdrqMMtNKAJDDJ4hld4c56cF+fd+Vi0Fpx85gj+wPn8AetDkew=</latexit>

� 2 [0, 1]



First Order methods 1: Gradient Descent

• First order methods use gradient information at each step.

• Gradient descent
• Jagged steps -> gets stuck in valleys.

• Neural networks use stochastic gradient descent 
-> less likely to get stuck



Method 2: Gradient Descent with Momentum

• Keeps momentum along previous direction steps:

• Less likely to get stuck in valleys



Method 3: Conjugate Gradient Method

• Originally for minimizing quadratic functions / solving systems of 
linear equations

• Modified for general optimization:

<latexit sha1_base64="/Vh9bFukJl78Ze2GFhw60Z0XvoY=">AAACJXicbVDLSsNAFJ34rPUVdelmsBTqwpKIaBcKFTcuK9gHNKFMppN26GQSZiZiCfkZN/6KGxcWEVz5K07a+mo9MHDm3Hu55x4vYlQqy3o3FhaXlldWc2v59Y3NrW1zZ7chw1hgUschC0XLQ5IwykldUcVIKxIEBR4jTW9wldWbd0RIGvJbNYyIG6Aepz7FSGmpY547HHkMQb/kBEj1PT+5Tw/hBfz6XaY/Ojz6lr1U91gds2CVrTHgPLGnpACmqHXMkdMNcRwQrjBDUrZtK1JugoSimJE078SSRAgPUI+0NeUoINJNxlemsKiVLvRDoR9XcKz+nkhQIOUw0NaKmUs5W8vE/2rtWPkVN6E8ihXheLLIjxlUIcwig10qCFZsqAnCgmqvEPeRQFjpYPM6BHv25HnSOC7bp2Xr5qRQrUzjyIF9cABKwAZnoAquQQ3UAQYP4Am8gJHxaDwbr8bbpHXBmM7sgT8wPj4BQ02kcQ==</latexit>

rf(x) = Ax� b = 0



Second Order Methods 1: Newton’s Method

• Second order methods use gradient and hessian (first and second 
derivative information at each point).

• Newton’s method: Extension of 1D method

• Quadratic Convergence: Converges very fast if function bowl shaped.
• Inverting Hessian can be expensive.



Newton Failures

Can be adjusted to include line search and/or step size to avoid these failures



Method 2: Quasi Newton Methods (DFP, BFGS)

• If we don’t know Hessian or it is too expensive to compute, we can 
approximate it numerically:

1D



Direct Methods (0th order)

• Can use methods mentioned so far and just approximate gradient 
numerically.
• There do exist specialized methods that only use function information 

(no gradient).
• Nelder-Mead Simplex:



Scipy.optimize.minimize()


